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Abstract. Network Calculus (NC) is a versatile methodology based 
on min-plus algebra to derive worst-case per-flow performance bounds 
in networked systems with many concurrent flows. In particular, NC 
can analyze many scheduling disciplines; yet, somewhat surprisingly, an 
aggregate FIFO server is a notoriously hard case due to its min-plus non-
linearity. A resort is to represent the FIFO residual service by a family 
of functions with a free parameter instead of just a single curve. For 
simple token-bucket arrival curves, literature provides optimal choices 
for that free parameter to minimize delay and backlog bounds. In this 
paper, we tackle the challenge of more general arrival curves than just 
token buckets. In particular, we derive residual service curves resulting 
in minimal backlog bounds for general piecewise-linear arrival curves. To 
that end, we first show that a backlog bound can always be calculated 
at a breakpoint of either the arrival curve of the flow of interest or its 
residual service curve. Further, we define a set of curves that characterize 
the backlog for a fixed breakpoint, depending on the free parameter of 
the residual service curve. We show that the backlog-minimizing residual 
service curve family parameter corresponds to the largest intersection of 
those curves with the arrival curve. In more complex scenarios finding 
this largest intersection can become inefficient as the search space grows 
in the number of flows. Therefore, we present an efficient heuristic that 
finds, in many cases, the optimal parameter or at least a close conser-
vative approximation. This heuristic is evaluated in terms of accuracy 
and execution time. Finally, we utilize these backlog-minimizing residual 
service curves to enhance the DiscoDNC tool and observe considerable 
reductions in the corresponding backlog bounds. 
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1 Introduction 

First-In First-Out (FIFO) is a popular scheduling policy for networked systems 
due to its simplicity and low cost of implementation. In various network analy-
sis methods, it is an interesting policy to analyze. One such analysis method is 
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Network Calculus (NC) [ 5], which is a versatile methodology for deriving per-
formance bounds in networked systems [ 1, 6, 7]. In particular, we are interested 
in the derivation of backlog bounds, which are important for sizing queues or 
buffers appropriately. It is straightforward to obtain a tight backlog bound at a 
FIFO node when considering all incoming traffic as a aggregate flow [ 7], such as 
in switches with a shared queue. A challenge arises when we are instead inter-
ested in a  per-flow backlog bound. This means that we want to analyze how 
much data can queue up for an individual flow, rather than analyzing the aggre-
gate traffic of the flows. This setting is considered for separate FIFO queues like 
in input-buffered switches with virtual output queues (VOQ) [ 10], or big data 
processing such as in Hadoop, where a job queue is fed data from a distributed 
file system through switches [ 13]. 

With NC, per-flow backlog bounds can be calculated using a so-called residual 
service curve, which represents the residual service that is exclusively available 
to a specific flow of interest (foi). However, due to the min-plus non-linearity of 
FIFO-scheduled systems [ 9], computing a residual service curve is hard. Defining 
a family of functions with a free parameter θ, rather than a single FIFO residual 
service curve, is a way of dealing with this. The family of FIFO residual service 
curves [ 6] is given by 

β1 
θ (t) = [β(t) − α2(t − θ)]+ ∧ δθ(t), with θ ≥ 0, 

where β models the service available to the traffic aggregate and α2 is an upper 
bound on the traffic of all the cross flows that are multiplexed into the aggregate 
together with the foi. Each value of θ results in a different residual service curve 
β1 

θ . Figure 1 shows such different β1 
θ , illustrating its dependence on the chosen 

θ. This has an effect on the resulting backlog bound that is obtained (drawn in 
Fig. 1 as vertical lines). 

Fig. 1. FIFO residual service curves for different values of θ, and resulting backlog 
bounds.
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Our goal is to obtain the smallest possible backlog bound. Due to β1 
θ and 

the backlog bound changing depending on the chosen θ, there exists an optimal 
value of θ that provides the smallest backlog bound over all possible residual 
curves. In fact, a closed form for this θ exists when only considering token-bucket-
constrained arrivals [ 1, 7]. Yet, for more general functions such as piecewise linear 
(PWL) curves, to the best of our knowledge there exist no per-flow backlog 
bound results in literature regarding the calculation of θ values. Somewhat the 
only exception is [ 4], where an output bound for PWL arrival curves has been 
derived, yet without using NC. Nevertheless, it is interesting as the burst term 
of an output bound is also a bound on the backlog. The analysis is however 
restricted to the case of a constant rate server, whereas we deal with PWL service 
curves. Hence, in this paper we are considering PWL curves and are interested 
in closed form for θ that minimizes the backlog bound for such curves. To that 
end, we make the following contributions in this paper: 

– In Sect. 4, we derive an exact method to find the backlog-minimizing θ value 
for PWL-constrained arrival and service curves. 

– An efficient heuristic that determines the backlog-minimizing parameter θ in 
most cases is presented in Sect. 5. We evaluate its accuracy and execution 
time in comparison to the exact method. 

– Finally, we show in Sect. 6 that the parameter θ, derived using our new meth-
ods, poses a significant accuracy improvement for backlog bounds computed 
by the DiscoDNC tool over its current default setting. 

2 Network Calculus Background 

Let R+ be the set of non-negative real numbers. F := {f : R+ → R ∪ {+∞}} 
is the set of (min, plus) functions. Based on F , we let  F↑ be the set of non-
decreasing functions f ∈ F , and  F↑ 

0 be the set of functions in F↑ with f(0) = 0. 

Definition 1 (Basic Operators [ 3]). Let f, g ∈ F . The min-plus convolution of 
f and g is defined as f ⊗ g(t) := inf0≤s≤t{f(t − s) +  g(s)}. The (max-plus) 
deconvolution is defined as f g(t) := infs≥0{f(t + s) − g(s)}. We define the ∧ 
operator as f ∧ g(t) := min{f (t), g(t)}. 

The impulse function δT (t) is defined as δT (t) =  ∞, if  t > T  and 0 otherwise. 
The indicator function 1A is defined as 1A = 1,  if  A is true and 0 otherwise. 
For a given β ∈ F , the  lower non-decreasing closure is defined as the largest 
non-decreasing function with β↓ ≤ β, given by β↓ := β 0 [  3, p. 107]. 

Definition 2 (Pseudo-Inverse [ 3]). Let f ∈ F  be a non-negative and non-
decreasing function. The pseudo-inverse f −1 is for all x ∈ R+ given by 

f −1(x) = inf{t | f(t) ≥ x}.
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Next, we define various notions that are used to model a network and derive 
its performance bounds. Let A, D ∈ F↑ 

0 be the cumulative arrival and departure 
process of a flow in the network, assuming causality A ≥ D. Furthermore, we 
assume the system to be lossless. We define the most important performance 
measures for such a system: 

Definition 3 (Virtual Delay at Time t). The virtual delay of data arriving at 
system S at time t is the time until this data would be served, assuming FIFO-
per-flow order of service, 

dA,D(t) = inf{d ≥ 0 :  A(t) ≤ D(t + d)} = D−1(A(t)) − t (1) 

Definition 4 (Backlog at Time t). The backlog of system S at time t is the 
vertical distance between arrival process A and departure process D at time t, 

qA,D(t) := A(t) − D(t). (2) 

Arrival and service curves are central for the performance analysis using NC. 

Definition 5 (Arrival Curve). Let α ∈ F↑ 
0 . We say that α is an arrival curve 

for arrival process A if it holds for all 0 ≤ s ≤ t that 

A(t) − A(s) ≤ α(t − s) ⇐⇒ A = A ⊗ α. 

An example is a token-bucket arrival curve γr,b(t) =  b+rt if t >  0, γr,b(0) = 0. 

Definition 6 (Service Curve). Let a flow with arrival process A and departure 
process D traverse a system S. The system offers a min-plus service curve β to 
the flow if β ∈ F  and it holds for all t ≥ 0 that 

D(t) ≥ A ⊗ β (t) =  inf  
0≤s≤t 

{A(t − s) +  β(s)} . 

An example is a rate-latency curve βR,T (t) := R · [t − T ]+ , [x]+ := max{x, 0}. 
We define two characteristic distances between functions. 

Definition 7. Let f, g ∈ F . The horizontal deviation between f and g is 

h(f, g) := sup  
t≥0 

{inf{d ≥ 0 | f(t) ≤ g(t + d)}} 

and the vertical deviation between f and g is 

v(f, g) := sup  
t≥0 

{f (t) − g(t)} . 

Using these concepts, one can derive a backlog bound [ 3, p. 115], [ 7, p. 118]. 

Theorem 8 (Backlog Bound). Assume a single flow with arrival process A, 
with arrival curve α ∈ F↑ 

0 , and departure process D traverses a system S. Let  
the system S offer a service curve β ∈ F↑ 

0 . The backlog q(t) satisfies for all t 

qA,D(t) ≤ v(α, β) .
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A FIFO residual service curve can be calculated as follows. 

Theorem 9 (Residual Service Curve for FIFO [ 6]). Let t ≥ 0. Consider a sys-
tem S that multiplexes two flows f1 and f2 using FIFO scheduling. The arrivals 
of f2, A2, are constrained by α2. Further, assume that S guarantees a service 
curve β to the aggregate of the flows. Then, for any θ ≥ 0, the residual service 
of f1 is 

β1 
θ (t) = [β(t) − α2(t − θ)]+ ∧ δθ(t) (3) 

Definition 10 (PWL Concave Normal Form [ 3]. Let ri, bi ∈ R+ and set γi = 
γri,bi

. The piecewise linear concave function f = min{γi} is said to be in normal 
form, if γi are sorted by a decreasing rate and no γi can be removed without 
modifying the minimum: 

i < j  ⇒ ri > rj , (4) 
∀i, ∃t >  0, ∀j = i, γi(t) < γj(t). (5) 

If f = min{γi}, i  ∈ {1, . . . , n} is in normal form, then there is a sequence of ai of 
respective intersections of the linear functions γi and γi+1. These intersections, 
denoted by ai, are also called breakpoints of f . 

Definition 11 (PWL Convex Normal Form [ 3]). Let Ri, Ti ∈ R+ and set βi = 
βRi,Ti

. The PWL convex function f = max{βi} is said to be in normal form, if 
βi are sorted by an increasing rate and no βi can be removed without modifying 
the maximum: 

i < j  ⇒ Ri < Rj ∧ ∀i, ∃t >  0, ∀j = i, βi(t) > βj(t). 

If f = max{βi}, i  ∈ {1, . . . , n} is in normal form, then there is a sequence of si of 
respective intersections of the linear functions βi and βi+1. These intersections, 
denoted by si, are also called breakpoints of f . 

Definition 12. Let the linear segment of a given PWL (concave or convex) 
function f at time t be called f t, with  f t = βR,T or f t = γr,b. The rate, r or 
R, and the y-axis intercept b or x-axis intercept T of this linear segment is then 
also referred to as rt , Rt , bt , T  t. 

Definition 13. Let α be a PWL concave curve in normal form and β a PWL  
convex curve in normal form. Let A and B be the sets of breakpoints of α and 
β, respectively. Let IA be the set of all breakpoints mapped to α, defined as 
IA := A ∪ {α−1(β(s)) | s ∈ B}. Then the first point in time for which the 
corresponding rate of α is less than or equal to the corresponding rate of β, 
mapped to α, is called  a∗ 

α,β. We define a∗ 
α,β as follows: 

a∗ 
α,β := min{i ∈ IA : ri ≤ Rβ−1(α(i))}.
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3 System  Model  

In this section, we introduce the system setting considered in this paper. We also 
discuss the challenge associated with this setting and how to deal with it. 

Figure 2 illustrates the system model under investigation. Here, each (dis-
tributed) flow (or job) f1, . . . , fn is associated with its own flow queue, each 
with its own size. These flows send their requests into a single (task) queue, 
which ensures the FIFO order between the individual flows when processed by 
system S, for which we know a service curve β. The central question of our work 
now is: how to appropriately size the individual flow queues, or, in other words, 
how to calculate per-flow backlog bounds. 

Fig. 2. Distributed per-flow queues served by single FIFO system. 

We point out that per-flow queues in total generally require more space than 
an aggregate shared queue, i.e., we incur a segregation penalty. The extent of 
that penalty needs to weighed against advantages from the distributed setting 
as given in Fig. 2. We come back to that issue in Sect. 6. 

Throughout the following sections, we assume that the flows f1 = foi, . . . , fn 
are constrained by PWL concave arrival curves α1, . . . , αn ∈ F . We aggregate all 
cross flows arrival curves α2, . . . , αn, and simply call it α2. The system S that 
multiplexes the flows according to FIFO, offers a PWL convex service curve 
β ∈ F  to the flow aggregate. 

When applying NC to compute per-flow backlog bounds under PWL arrival 
and service curves, an issue arises: the residual service curve β1 

θ may contain a 
finite number of segments with negative slopes, which violates the non-decreasing 
property. While some literature formally requires that β1 

θ ∈ F↑ 
0 [ 7], this con-

straint is not always reflected in the conditions of the corresponding theorems. 
Anyway, the following lemma states that this violation does not impact the cal-
culation of the vertical deviation (which we need to compute backlog bounds), 
since we can make use of the lower non-decreasing closure. 

Lemma 14. Let α ∈ F  and β ∈ F  be given. Then it holds that 

v(α, β) =  v(α, β↓). (6) 

The proof for this and all subsequent lemmas can be found in the arXiv 
version of this paper [ 14].
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4 Derivation of the θ Parameter for Minimal Per-Flow 
Backlog Bounds 

In this section, we derive the value θopt that minimizes per-flow backlog bounds. 
In order to derive such a value of θ, we begin by formulating the problem math-
ematically as 

θopt = arg min 
θ≥0 

{v α1, β
1 
θ }. (7) 

In the following, we will transform this problem step by step until we are able 
to determine a solution. At first, in order to constrain the choice of θ, we make 
use of the following lemma: 

Lemma 15. Let α1 and α2 be PWL concave arrival curves and let β be a PWL 
convex service curve under FIFO multiplexing. Let h(α2, β) be the horizontal 
deviation of α2 and β. Then, it holds for 0 ≤ θ ≤ h(α2, β) that 

v(α1, β
1 
θ ) ≥ v(α1, β

1 
h(α2,β)). 

Note that for token-bucket arrival curves and rate-latency service curves, the 
result of Lemma 15 has already been stated in [ 1, 3, 7, 8]. 

Based on Lemma 15, we conclude that the search space for θ can be restricted 
to θ ≥ h(α2, β). This allows us to transform the problem in Eq. (7) to  

θopt = arg min 
θ≥h(α2,β) 

{v α1, β
1 
θ }. 

To proceed, we define the family of functions vt(θ) as the vertical distances 
between α1 and β1 

θ at an arbitrary but fixed time t: 

vt(θ) := 
α1(t) − β1 

θ (t), if h(α2, β) ≤ θ <  t,  
α1(θ), if θ ≥ t > h(α2, β), 

= 
α1(t) − β(t) +  α2(t − θ), if h(α2, β) ≤ θ <  t,  
α1(θ), if θ ≥ t > h(α2, β). 

Here, we have used that β1 
θ (t) =  β(t) +  α2(t − θ), for h(α2, β) ≤ θ <  t. Partic-

ularly, by definition we have β1 
θ = [β(t) − α2(t − θ)]+ ∧ δθ(t). Since for θ <  t  it 

holds that δθ(t) = 0, and because h(α2, β) ≤ θ ensures that β(t) ≥ α2(t − θ) for  
all t (according to Definition 7), both the positive part and δθ(t) can be omitted. 

With this, the original problem in Eq. (7) can now be rewritten as: 

θopt = arg min 
θ≥h(α2,β) 

{v α1, β
1 
θ } 

= arg min 
θ≥h(α2,β) 

{sup 
t≥0 

{α1(t) − β1 
θ (t)}} 

= arg min 
θ≥h(α2,β) 

{sup 
t≥0 

{vt(θ)}} (8) 

Here, the supremum is over all t ≥ 0. The following lemma will be instru-
mental to restrict the relevant values of t to a finite set.
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Lemma 16. Let α be a PWL concave function and β be a PWL convex function. 
Let A and B be the set of breakpoints of α and β, respectively. Then, the vertical 
deviation of α and β can always be calculated at some time t ∈ A ∪ B. 
Remark 17. The result of Lemma 16 also applies to the horizontal deviation. 

In the following, we denote the set of breakpoints of α1, α2, and  β as A1, A2, 
and B, respectively. Lemma 16 ensures that only A1 and the set of breakpoints 
of β1 

θ , induced by A2 ∪ B, need to be considered. A closer examination of these 
breakpoints reveals structural differences. In particular, the breakpoints of β1 

θ 
need further attention, as they depend on θ. In contrast, the breakpoints of α1, 
A1, remain invariant with respect to θ. We call the set of breakpoints A1 absolute 
time set of α1. The absolute time set of the breakpoints of β1 

θ , including the shift 
by θ, is denoted by T abs 

β1 
θ 

. The set of breakpoints of β1 
θ , without being shifted by 

θ, is called relative time set and is given by 

T rel β1 
θ 

= A2 ∪ B. 

The relative time set T rel 
β1 

θ 
allows us the usage of the breakpoints without having 

a dependency on θ. In the following, we derive from this relative time set an 
absolute time set of β1 

θ , which is also no longer dependent on θ. This is achieved  
by determining a single value of θ for each t ∈ T  rel 

β1 
θ 

. Formally, for each t ∈ T  rel 
β1 

θ 
, 

the corresponding value θt is defined as the solution to the following equation: 

α1(θt) =  α1(t) − β1 
θt 

(t). (9) 

As established in Lemma 16, only the breakpoints of the curves are relevant 
for computing the backlog bound. So we consider each relative point in time 
t ∈ T  rel 

β1 
θ 

, assuming that it would be the one for which the vertical deviation 
is taken on. Then we obtain θt as the solution of Eq. (9), that minimizes this 
backlog bound under this assumption. In order to justify Eq. (9), let us consider 
an arbitrary, but fixed time t ∈ T  rel 

β1 
θ 

. At this time t, the vertical distance between 
the two functions is given by α1(t) − β1 

θ (t), for θ <  t. This distance decreases 
as θ increases, so higher values of θ appear to be better for minimizing the 
backlog bound. However, this perspective neglects an important factor—namely, 
the behavior of the vertical distance at time θ. Specifically, as θ increases, the 
vertical distance at time θ, given by α1(θ), also increases. Consequently, selecting 
a larger value of θ to reduce the distance at time t simultaneously results in a 
larger distance at time θ. The optimal balance of this trade-off is given by θt as 
the solution of Eq. (9). For θt < t, the respective θt can be derived as follows: 

α1(θt) =  α1(t + θt) − β1 
θt 

(t + θt) 
⇔ α1(θt) =  α1(t + θt) − β(t + θt) +  α2(t) 
⇔ β(t + θt) − α1(t + θt) +  α1(θt) =  α2(t) 
⇔ β(t + θt) − α1(t + θt) +  α1 ⊗ δt(t + θt) =  α2(t) 
⇔ (β − α1 + (α1 ⊗ δt))(t + θt) =  α2(t), (10)



Minimal FIFO Per-Flow Backlog Bounds Under PWL Arrival Curves 165

⇒ θt = dβ−α1+(α1⊗δt),α2(t) (11) 
= ([β − α1 + (α1 ⊗ δt)]+)−1(α2(t)) − t (12) 

where we used for  Eq. (11) that the horizontal distance is given by the shift 
θt in Eq. (10) (see also Eq.  (1)). We apply the positive part in Eq. (12), since 
the pseudo-inverse requires wide-sense increasing functions and the horizontal 
distance for a positive function α2 only requires non-negative functions. 

Utilizing θt, the absolute time set is now explicitly given as 

T abs 
β1 

θ 
= T rel β1 

θ 
+ θt = {a2 

i + θa2 
i 

| a2 
i ∈ A2} ∪ {si + θsi | si ∈ B}. 

Combining this with A1, we obtain the complete set of absolute breakpoint times: 

T = A1 ∪ T  abs 
β1 

θ 
. 

This reduces the number of vt(θ) curves to be evaluated from an uncountable 
set (for t ≥ 0) to a finite set (for t ∈ T  ), which can be computed given the 
parameters of the arrival and service curves. Since t is now an element of the 
finite set T , we can replace the supremum by a maximum in Eq. (8), leading to 
the following transformed problem: 

θopt = arg min 
θ≥h(α2,β) 

{max 
t∈T 

{vt(θ)}}. 

We can further restrict the domain of θ. According to Lemma 16, the backlog 
bound can always be calculated at a breakpoint of either α1 or β1 

θ . Moreover,  ∀t ∈ 
T and θ >  tmax, with tmax = max T , it holds that  vt(θ) =  α1(θ), which increases 
as θ increases. Hence, the backlog-minimizing value of θ cannot lie beyond tmax. 
Additionally, since maxt∈T {vt(θ)} = max{maxt∈T {vt(θ)}, α1(θ)} trivially holds, 
as α1(θ) =  v0(θ) ∈ {vt(θ) | t ∈ T  }, the problem can be transformed into 

θopt = arg min 
θ∈[h(α2,β),tmax] 

{max{max 
t∈T 

{vt(θ)}, α1(θ)}}. (13) 

Figure 3 gives a graphical representation of Eq. (13). Here, two vt curves, 
vt1 and vt2 are plotted against α1(θ). Each vt represents the vertical distance 
between α1 and β1 

θ at a specific breakpoint t ∈ T  . According to Lemma  16, only 
these breakpoints need to be considered to compute backlog bounds. As θ varies, 
the vertical distances vt(θ) decrease at some of these breakpoints and increase 
at others. In order to minimize the overall backlog bound, we aim to find the 
value of θ that balances this trade-off such that the largest vertical distance, at 
all breakpoints, is minimized. Formally, this means that this (optimal) value of 
θ (θopt), marked by a red dot, is obtained at the intersection of maxt∈T {vt(θ)} 
and α1(θ). 

It is useful to gain further insight into the problem, and examine the behavior 
of the two functions, maxt∈T {vt(θ)} and α1(θ), at the boundary values of the 
interval for θ. The following lemma characterizes the relation between these 
functions at the interval’s endpoints.
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Lemma 18. Let maxt∈T {vt(θ)} and α1(θ) be defined as above. For the end-
points of the given interval [h(α2, β), tmax] it holds that 

α1(h(α2, β)) ≤ max 
t∈T 

{vt(h(α2, β))} and α1(tmax) = max 
t∈T 

{vt(tmax)}. 

Fig. 3. Vertical distances vt(θ) and  α1(θ), for θ ≥ h(α2, β). 

To address the problem given by Eq. (13), we introduce the concept of a 
first intersection between maxt∈T {vt(θ)} and α1(θ). This is essential for identi-
fying the exact point in time where the function maxt∈T {vt(θ)} drops onto the 
function α1(θ). We say that maxt∈T {vt(θ)} and α1(θ) first intersect at 

φ = min{x | α1(x) = max 
t∈T 

{vt(x)}}. 

It is important to note that a first intersection between maxt∈T {vt(θ)} and α1(θ) 
always exists. According to Lemma 18, these two functions are guaranteed to 
intersect at least at θ = tmax. Furthermore, by definition, every vt(θ) curve, 
with t ∈ T  , is strictly decreasing for θ <  t  and strictly increasing for θ ≥ 
t. If maxt∈T {vt(θ)} is taken at the respective strictly decreasing parts of the 
vt(θ) curves, then the maximum function maxt∈T {vt(θ)} itself is also strictly 
decreasing. The maxt∈T {vt(θ)} is taken on the strictly decreasing parts until 
the maximum function maxt∈T {vt(θ)} eventually equals α1(θ), which is strictly 
increasing. This is exactly the first intersection φ of maxt∈T {vt(θ)} and α1(θ), 
after which maxt∈T {vt(θ)} = α1(θ) holds. So we conclude that maxt∈T {vt(θ)} 
is strictly decreasing for θ <  φ  and strictly increasing for θ ≥ φ. Note that if 
maxt∈T {vt(θ)} is directly assumed to be on the strictly increasing part of the 
vt(θ) curves, then the first intersection is exactly at h(α2, β). 

The following theorem provides the solution to the problem stated in Eq. (13), 
given by the first intersection φ.
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Theorem 19. Let maxt∈T {vt(θ)} and α1(θ) be defined as above. Further, let 
the first intersection of maxt∈T {vt(θ)} and α1(θ) be at φ. Then, it holds 

θopt = arg min 
θ∈[h(α2,β),tmax] 

{max{max 
t∈T 

{vt(θ)}, α1(θ)}} = φ. 

Proof. According to Lemma 18 it holds that α1(h(α2, β)) ≤ maxt∈T {vt(h(α2, 
β))} and α1(tmax) = maxt∈T {vt(tmax)} so the following also holds: 

∀ θ <  φ  : α1(θ) ≤ max 
t∈T 

{vt(θ)} ∧ ∀  θ ≥ φ : α1(θ) = max 
t∈T 

{vt(θ)}. 

So the maximum function can be described as follows: 

max{max 
t∈T 

{vt(θ)}, α1(θ)} = 
maxt∈T {vt(θ)}, if θ <  φ,  
α1(θ), if θ ≥ φ. 

Suppose arg minθ∈[h(α2,β),tmax]{max{maxt∈T {vt(θ)}, α1(θ)}} is assumed at 
φ , with φ ∈ [h(α2, β), tmax] and  φ = φ . So  

arg min 
θ∈[h(α2,β),tmax] 

{max{max 
t∈T 

{vt(θ)}, α1(θ)}} = φ 

should hold. Consider two cases: φ < φ  and φ > φ. 
Case I (φ < φ): Since φ < φ  and max{maxt∈T {vt(θ)}, α1(θ)} = maxt∈T {vt(θ)} 
is strictly decreasing for θ <  φ, it holds that: 

max{max 
t∈T 

{vt(φ )}, α1(φ )} > max{max 
t∈T 

{vt(φ)}, α1(φ)}. 

Case II (φ > φ): Since φ > φ  and max{maxt∈T {vt(θ)}, α1(θ)} = α1(θ) is  
strictly increasing for θ ≥ φ, it holds that: 

max{max 
t∈T 

{vt(φ )}, α1(φ )} > max{max 
t∈T 

{vt(φ)}, α1(φ)}. 

So θopt = arg minθ∈[h(α2,β),tmax]{max{maxt∈T {vt(θ)}, α1(θ)}} = φ holds. 

Remark 20. Note that the first intersection of maxt∈T {vt(θ)} and α1(θ) is also 
the last of all intersections of vt(θ) curves, t ∈ T  , with  α1(θ). See again Fig. 3. 

5 Efficient Calculation of Near-Optimal Backlog Bounds 

In the following, we expand on the calculation of the FIFO SC parameter θopt 
and its corresponding minimal backlog bound qmin. We strive for an efficient 
calculation of backlog bounds that are still near to the minimal ones from the 
previous section using Theorem 19. In particular, according to Remark 20, we  
calculate the vt curves of all t ∈ T  , calculate their respective intersection points 
with α1, then determine φ as the maximum of all intersections to obtain θopt and 
qmin = v(α1, β

1 
θopt 

), where qmin is measured at θopt. This constitutes an exact
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method, but requires the calculation of the intersection of all possible break-
points t ∈ T  of α1 and α2. For an efficient calculation of more complex scenarios 
(in particular with more flows and more segments per flow), the question arises 
whether we can exclude certain t ∈ T  in a first step to reduce the number of 
vt curves and intersections we have to calculate. We first describe the central 
idea: Instead of considering α1 as a whole, we take a decomposition approach. 
From Definition 10, we know that α1 is the minimum of n token-bucket arrival 
curves γi. Hence, we can split α1 into its token-bucket segments Si, 1 ≤ i ≤ n. 
For a token-bucket foi, we can identify a particular breakpoint τ ∈ T  rel 

β1 
θ 

where 
the backlog is taken on and find a closed form for θopt that minimizes its backlog 
qmin. 

Theorem 21. Let the foi α1 be a token-bucket arrival curve γr1,b1 and let the 
cross-flow α2 be a PWL concave arrival curve in normal form. Further, let β 
be a PWL convex service curve. The FIFO SC parameter that minimizes the 
backlog bound is given by: 

θopt = arg min 
θ∈[h(α2,β),tmax] 

{max 
t∈T 

{vt(θ)}} 

= h(α2 + γr1,0, β) =  b
τ 
2 + (rτ 

2 + r1) · τ 
Rβ−1(α2(τ )) + T β

−1(α2(τ )) − τ, 

with τ = a∗ 
α2+γr1,0,β. 

Proof. According to Remark 20, the result of Theorem 19 also states that the 
optimal θ is given by the last of all intersections of vt(θ) curves and α1(θ). In 
order to obtain the last intersection, let us consider the intersections of α1(θ) 
and vt(θ), with t ∈ T  rel 

β1 
θ 

. The optimal value θt for each t ∈ T  rel 
β1 

θ 
can be calculated 

as follows: 

α1(θt) =  α1(t + θt) − β(t + θt) +  α2(t) 
⇔ r1θt + b1 = r1t + r1θt + b1 − β(t + θt) +  α2(t) 
⇔ β(t + θt) =  r1t + α2(t) 
⇔ θt = β−1(r1t + α2(t)) − t 
⇔ θt = dα2+γr1,0(t). 

Now we need to find the time at which the backlog is maximal. As the backlog 
bound coincides with α1(θopt) and  α1 is increasing, we look for the maximal θt: 

θopt = sup  
t∈T rel 

β1 
θ 

{dα2+γr1,0,β(t)} (Remark 17) 
= sup  

t≥0 
{dα2+γr1,0,β(t)} = h(α2 + γr1,0, β). 

Using the piecewise linear nature of the curves, it is clear that this horizontal 
deviation is taken on at τ = a∗ 

α2+γr1,0,β , and thus 

θopt = h(α2 + γr1,0, β) =  b
τ 
2 + (rτ 

2 + r1) · τ 
Rβ−1(α2(τ )) + T β

−1(α2(τ )) − τ.
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Using Theorem 21, we can find the optimal value θi 
opt that minimizes qi 

min 
for each γi corresponding to segment Si of α1. Considering Eq. (5), we recognize 
that qi 

min may not be assumed at a valid point in time when considering α1 
as a whole. Indeed, each segment Si is only defined over its respective interval 
Ii := [ai, ai+1). If now θi 

opt /∈ Ii, we adjust its value as follows (with an arbitrarily 
small 0): 

θ̃i 
opt := 

⎧ 
⎪⎨ 

⎪⎩ 

ai, θi 
opt < ai, 

ai+1 − i 
opt > ai+1, 

θi 
opt, otherwise. 

(14) 

This adjustment follows from the properties of the involved curves. We know 
that γi and α2 are concave curves, their sum is hence also concave. In addition, 
the service curve β is convex. If we now assume θi 

opt outside of the interval Ii, we  
can use these properties to find the largest backlog bound that is still assumed 
over Ii as follows: In case 1 of Eq. (14), if θi 

opt < ai, we set  ̃θi 
opt = ai. Since 

α1 and α2 are concave, their aggregate rate decreases in time, while due to the 
convexity of β, its rate increases in time. As such, measuring the backlog at any 
point x ∈ Ii, x > ai, results in a smaller backlog than if measured at ai. For  
case 2 it is similar, but we need to take the half-open nature of Ii into account. 
Using an arbitrarily small 0, and assuming the backlog at ai+1 − ensures 
that we can approximate the largest possible backlog that is still in Ii as close 
as we desire. This leaves us with two vectors of n values for θi 

opt and θ̃i 
opt. For  

purposes of the heuristic, we let Θ := [θ1 
opt, . . . , θ

n 
opt] and  ̃Θ := [θ̃1 

opt, . . . ,  ̃θn 
opt]. 

We proceed with two observations about θi 
opt and θ̃i 

opt: 

Lemma 22. It holds that θ1 
opt ≥ . . .  ≥ θn 

opt. 

Lemma 23. There is at most one θi 
opt with θi 

opt = θ̃i 
opt. 

Using these insights, we proceed with our decomposition heuristic: 

1. Calculate Θdiff := Θ  − Θ̃ = [θ1 
opt − θ̃1 

opt, . . . , θ
n 
opt − θ̃n 

opt]. 
2. Check whether there exists an entry with value i = 0  in  Θdiff . If yes, return 

v(α1, β
1 
θi 
opt 

) and break. 
3. If no such entry exists in Θdiff , iterate over t ∈ A1 and find the first intersec-

tion φ. Return v(α1, β
1 
φ) and break. 

Let us discuss the rationale and potential shortcomings of the heuristic: If 
a θi 

opt is unchanged after applying Eq. (14), it may seem that we should have 
obtained the same value of θopt when using Theorem 19 on α1 without decom-
posing the curve into its n segments. Consequently, setting θopt = θi 

opt seems 
to be the correct choice in this case. From Lem. 23, we know that the heuristic 
can find at most one such θi 

opt, hence the result is unique. However, in fact, this 
does not yield the same result as using Theorem 19 in all cases. Whenever α1(τ) 
is assumed at a different segment than α1(τ + θopt), the heuristic calculates a 
larger θopt, and consequently larger backlog bound, as it only considers one seg-
ment of α1. Furthermore, the heuristic can also falsely assume that there exists
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no entry i = 0  in  Θdiff . In step 3, we know that all θ̃i 
opt in Θdiff are t ∈ A1, as  

we have adjusted them to their respective interval limits using Eq. (14) 1. For  
each θ̃i 

opt, we calculate its vθ̃i 
opt 

curve and obtain the intersection with α1. From  
Remark 20, it follows that the largest of these intersections is equal to φ, hence 
the θopt that minimizes the backlog bound. We remark that the heuristic always 
returns a backlog bound, as it always finds a value for θ – it may, however, be 
conservative. 

5.1 Evaluation of the Decomposition Heuristic 

We continue with an evaluation of the decomposition heuristic with respect to 
its accuracy and efficiency. To this end, we calculate and compare the backlog 
bounds and execution times of the exact method using Theorem 19 and the 
decomposition heuristic. We consider the following scenario: Assume we have 
a variable number of 2 to 10 cross flows at the node, multiplexed in a FIFO 
aggregate with the foi. Let α1 be a PWL concave arrival curve for the foi with 
either two or four segments (as typically found in literature, e.g. [ 15]). Each 
cross flow arrival curve αi 

2 is modeled as a T-Spec curve, defined as αi 
2(t) := 

min{b1 
2 + r1 

2t, b2 
2 + r2 

2t}. We pick the packet size b1 
i for each flow i randomly 

from 0.001 Mbit, the sustained rate r2 
i from 1 Mbit/s–10 Mbit/s, and and the 

first breakpoint ai 
1 from 50 ms – 500 ms. For α1, we pick a random breakpoint 

spacing from 100 ms–500 ms that is added to a1 
1 to obtain further breakpoints. 

We set the peak rate for each arrival curve as r1 
i = r2 

i · 8, similar to [ 7]. For α1 
with four segments, we set the rate of the fourth segment as sustained rate, and 
assign rate 6 · r1 

i to segment two, and rate 3 · r1 
i to segment three. The burst 

value of each subsequent token bucket is set as 

bi = bi−1 − (ri − ri−1) · ai. (15) 

The server offers a rate-latency service curve βR,T , where the rate is set such that 
there is an 80% utilization of the server when considering the sum of sustained 
rates of all flows. The latency is set as T = 1/R s. 

The experiments were run on hardware using an Intel i7-1165G7 CPU with 4 
cores at 2.8 GHz base frequency, 32 GB DDR4-3200 MHz RAM, a 512 GB NVMe 
SSD and the Ubuntu 22.04 LTS operating system. The experiments are imple-
mented using the Nancy library [ 16] for C#, and are run in JetBrains Rider 
2024.3 with the .NET SDK 9.0.102 using default compiler settings. 

We perform 500 iterations, where in each one of them we iterate again over 
the number of cross flows from 2 to 10. For each run, we measure the execution 
time using System.Diagnostics.Process.UserProcessorTime. This method returns 
the CPU time of the process that is running the experiments, without including 
any other processing time. We only measure code fragments that are used to 
calculate one of the two methods, ignoring any other code parts. We take the 
execution time of both methods and calculate the percentage difference of both

1 They could be off by , but we can let → 0. 
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measured times. Of course, we also compare the backlog bounds obtained by 
using the exact method and the heuristic. 

Table 1. Comparison of exact method and heuristic for α1 with two segments. 

Cross [#] 2 3 4 5 6 7 8 9 10 
μex 15.1 15.7 16.1 16.4 16.6 16.7 16.9 17.0 17.1 
CI(95%) 0.8 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 
μheu 15.1 15.7 16.1 16.4 16.6 16.7 16.9 17.0 17.1 
CI(95%) 0.8 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 
Acc. [%] 98.4 99.6 99.6 100 100 100 100 100 100 
Inc. [%] 1.6 6.7 3.3 0 0 0 0 0 0 
CI(95%) 0.0 0.3 0.1 0 0 0 0 0 0 
texec ex [ms] 976 1362 1742 2114 2520 2918 3335 3758 4202 
texec heu [ms] 14.3 12.6 12.8 13.0 13.3 13.6 14.1 14.2 14.6 
Speedup 68 108 136 163 189 215 237 265 288 

The results of the experiments for two segments are shown in Table 1. The  
results for four segments an be found in the arXiv version of this paper [ 14]. 
The tables are organized as follows. We report the mean and confidence interval 
(CI) for the backlog bound (μex and μheu) as well as execution times (texec 

ex 
and texec 

heu ) for each number of cross flows. The accuracy reports how often the 
resulting backlog bound using the heuristic is equal to the backlog bound of 
the exact method. We also calculate the percentage increase and its CI from 
the exact method to the heuristic in cases where the results are not identical. 
For the execution times, the speedup from the exact method to the heuristic is 
calculated as texec 

ex /texec 
heu . Furthermore, for 3 and 7 cross flows, we illustrate the 

relation of the obtained backlog bounds and execution times for both methods 
and segment counts in Figs 4 and 5. For both figures, the scenario numbers 
are ordered by the value of the respective heuristic results (execution times and 
backlog bounds), from smallest to largest. For the backlog bounds, whenever the 
exact method calculates a more accurate backlog bound, this is represented as 
a spike down in the plot. 

We observe that, for two segments, the heuristic provides very accurate 
results compared to the exact method. For 2 to 4 cross flows, a small percentage 
of runs do not produce the same backlog bound. For these, we observe a per-
centage increase of up to 6.7% of the backlog bound for 3 cross flows. (Yet, the 
overall mean of the iterations is not affected by this.) The accuracy for four α1 
segments is worse, but the percentage increase stays low across all numbers of 
cross flows. For the execution times, we observe that it grows in the number of 
cross flows. Additionally, in Table 1 we observe that the ratio of the execution 
times (speedup) between the two methods grows significantly. For four segments, 
we observe the same behavior, with a slower speedup across cross flow numbers.
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Fig. 4. Backlog bounds for varying numbers of cross flows and foi segments. 

Fig. 5. Execution time for varying numbers of cross flows and foi segments. 

In Fig. 5, we observe that the execution time of the exact method is faster for α1 
with four segments. We suspect that, due to the fact that α1 is larger for four 
segments than it is for two, that we find φ earlier on average. This is supported 
by the fact that the calculation of the whole set of vt curves results in similar 
execution times for both numbers of segments. 

6 Usage of the Results in the DiscoDNC Tool 

In the previous section, we have conducted our experiments using Nancy. Nancy 
is a general toolbox to support network calculus analyses but does not provide 
complete analysis methods by itself. Consequently, it does not mandate any 
specific value for θ, but instead we used it to compute such values. In contrast to 
Nancy, another open-source tool called DiscoDNC [ 2,11,12] provides complete 
network calculus analyses, in particular also for FIFO with a default setting of
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θ as follows: θdisco = β−1 n 
i=2 b

i 
1 . In fact, this θ value coincides with the one 

that was used in Sect. 4 as a lower bound to the optimal theta value θopt when 
all arrival curves are token buckets and the service curve is a rate-latency service 
curve. For more complex curves, it holds that θdisco < h(α2, β), however. Setting 
θ ≤ h(α2, β) results in a β1 

θ that is continuous in all points. It was consequently 
a reasonable first choice for an NC tool. 

Yet, now we are able to adjust the θ value employed by DiscoDNC using our 
exact method and the decomposition heuristic. In the following, we are interested 
in the increase in quality of the calculated backlog bounds we can achieve when 
adjusting θ using the exact method as well as the heuristic. 

We use the same experiment setup that we have used in Sect. 5.1. We com-
pare the obtained backlog bound when using θdisco against the backlog bound 
obtained using the exact method and heuristic. The results are illustrated in 
Fig. 6a. Here, we have calculated the mean backlog bounds and confidence inter-
vals (CI) for the three methods for different numbers of cross flows. We observe 
that for all numbers of cross flows, the exact method and heuristic produce very 
similar backlog bounds (invisible difference in the figure). For n = 10, the backlog 
bound of both methods has the same mean and CI, with CI(95%) = 17.76±0.308. 
The backlog bound for the default value θdisco has CI(95%) = 37.34± 0.506. For 
two cross flows, the exact method and heuristic have CI(95%) = 15.8 ± 0.272, 
and the default value has CI(95%) = 22.3 ± 0.320. 

(a) Mean backlog bound. (b) Segregation penalty. 

Fig. 6. Comparisons of exact method and heuristic against the DiscoDNC tool. 

Additionally, we study the segregation penalty (see Sect. 3) for this exper-
imental setup. To this end, we calculate the segregation penalty as ( qi 

min − 
qagg)/qagg ·100, where qagg is the aggregate backlog bound. The results are given 
in Fig. 6b. We observe that the segregation penalty using the default θ value of
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DiscoDNC grows significantly in the number of cross flows, in contrast to the new 
methods. This may potentially result in sub-optimal system design decisions. 

To conclude, the backlog bound using θdisco is significantly less accurate 
than the other two methods for any number of cross flows, with the difference 
becoming larger and larger the more cross flows traverse the server. 

7 Conclusion 

In this paper, we presented an exact method for deriving FIFO residual service 
curves that minimize backlog bounds for PWL concave arrival curves. While this 
method provides precise results, its computational inefficiency becomes apparent 
in more complex scenarios, such as settings with a large number of crossflows. 
To address this limitation, we introduced an efficient heuristic that provides an 
upper bound on the backlog-minimizing parameter of the FIFO residual service 
curve. Despite its approximate nature, we could show the heuristic yields backlog 
bounds that are close to those of the exact method, particularly in scenarios with 
a higher number of crossflows. Importantly, it achieves this with significantly 
reduced execution time. In a final experiment with the DiscoDNC tool, both 
the exact and heuristic approaches produced significantly more precise backlog 
bounds than the existing default setting of the tool. 
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